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ON THE HARMONICITY OF NORMAL ALMOST CONTACT
METRIC STRUCTURES
E. LOUBEAU AND E. VERGARA-DIAZ
Abstract. We consider normal almost contact structures on a Riemannian
manifold and, through their associated sections of an ad-hoc twistor bundle,
study their harmonicity, as sections or as maps. We rewrite these harmonicity
equations in terms of the Riemann curvature tensor and find conditions relating
the harmonicity of the almost contact and almost complex structures of the
total and base spaces of the Morimoto fibration.
1. Introduction
Though the theory of harmonic maps was initially developed in an abstract
setting, it quickly became interesting to consider sections of particular fibre bundles,
such as the tangent bundle, as maps and put them through the harmonic map
machinery.
For the specific case of vector fields, it turned out to be rather disappointing
as, at least when the domain is compact and for the Sasaki metric, harmonicity,
whether in its fully-fledged version of all possible maps or the watered-down har-
monic vector fields where admissible variations are only through sections, is nothing
but parallelism. Topology allowing, one can further relax the variational problem by
working within the unit tangent bundle, only then do we find non-trivial examples,
such as the Hopf vector field on S3.
Among the more geometrically meaningful bundles, the twistor space, classically
for almost complex structures but also for almost contact structures, offers the
possibility of revisiting important geometric objects with a new more analytical
tool. Working with the corresponding sections of the associated homogeneous fibre
bundle, one can seek harmonic sections and harmonic maps, i.e. critical points of the
energy functional under variations through sections for the former, or unrestricted
for the latter. On even-dimensional spaces, this was carried out in [10, 11] and
for almost contact structures in [8], where the first and second harmonic section
equations are computed to be
(1) [∇¯∗∇¯J, J ] = 0,
(2) ∇∗∇ξ = |∇ξ|2 − (1/2)J ◦ trace(∇¯J ⊗∇ξ),
with ∇∗∇ = trace∇2, which combined with,
〈∇¯EiJ, [R¯(Ei, X), J ]〉+ 8〈∇Eiξ, R(Ei, X)ξ〉 = 0,
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for any tangent vector X and an orthonormal frame {Ei}i=1,...,2n+1, make up the
harmonic map equation (see next section for notations).
In this article, we examine the class of normal almost contact structures, which
is a partial integrability condition, reformulate the harmonic section equations in
terms of the curvature tensor (Theorems 3.1 and 3.2) and conclude that, when the
characteristic vector field is harmonic, they coalesce into a single equation (Corol-
lary 3.1). We can then peruse the Morimoto fibration and link in Theorem 4.1
the harmonicity (as sections or maps) of the normal almost contact structure of
the total space and the complex structure on the base manifold. We illustrate this
approach on twisted products in Example 4.1. A special mention should go the com-
plementary article [2] where harmonic almost contact structures are characterized
according to the classification of Chinea and Gonza´lez-Da´vila.
We will adopt the Einstein convention on the summation of repeated indices and
the following sign for the Riemannian curvature tensor:
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ].
2. Normal almost contact structures
An almost contact metric structure on an odd-dimensional differentiable manifold
M2n+1 is a reduction of the structure group of its tangent bundle to U(n)×1. More
concretely, this is equivalent to the existence of a field of endomorphisms θ of the
tangent space, a vector field ξ and a one-form η related by
η(ξ) = 1, θ2 = −Id+ η ⊗ ξ.
Then, necessarily, θξ = 0 and η ◦ θ = 0. A Riemannian metric g on M2n+1 is
compatible if it satisfies
g(θX, θY ) = g(X,Y ) + η(X)η(Y ),
for all vectors X and Y tangent to M2n+1, and such a metric can always be con-
structed from the data (θ, ξ, η). We will only consider almost contact structures
compatible with the Riemannian metric. This approach is initially due to Gray [3]
and a good treatment can be found in [1].
One can also lift the almost contact structure to the Cartesian line-product
M˜ =M2n+1 × R and construct an almost complex structure J˜ by
J˜(X + f∂t) = θX − fξ + η(X)∂t,
for X ∈ TM and ∂t the canonical unit vector field tangent to R. When J˜ is
integrable, the almost contact structure will be called normal, which can be char-
acterized by the equation
Nθ + 2dη ⊗ ξ = 0,
where Nθ is the Nijenhuis tensor
Nθ(X,Y ) = θ
2[X,Y ] + [θX, θY ]− θ[θX, Y ]− θ[X, θY ].
An immediate effect of this condition is that the vector field ξ must be Killing,
with geodesic integral lines, and preserve the field of endomorphisms θ, i.e. ∇ξθ = 0
(cf. [1]).
In order to prepare computations of the next section, we derive an alternative
characterization of normal almost contact structures.
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Proposition 2.1. Let (M2n+1, g) be a Riemannian manifold equipped with an al-
most contact metric structure (θ, ξ, η). Then this structure is normal if and only
if
(∇Xθ)(Y ) = (∇θXθ)(θY )− 〈Y,∇θXξ〉ξ − η(Y )∇θXξ,
for any vectors X and Y on M2n+1.
Proof. Let ∇˜ denote the covariant derivative of M˜ and ∇ the covariant derivative of
M , on the factor R derivation will be noted by D and ∂t will be the unit vector field.
Given vectors X and Y in TxM and constants F and G, we consider the vectors
(X + F∂t) and (Y + G∂t) tangent to M˜ = M × R and re-write the integrability
condition
(3) (∇˜J˜(X+F∂t)J˜)(J˜(Y +G∂t)) = (∇˜(X+F∂t)J˜)(Y +G∂t).
For the sake of simplicity, we will evaluate all expressions at a given point x ∈ M
and assume that, around this point, we locally extended the vector Y ∈ TxM such
that ∇Y (x) = 0.
On the one hand(
∇˜J˜(X,F∂t)J˜
)
(Y +G∂t)
= ∇˜(θX−Fξ+η(X)∂t)(θ
2Y − η(Y )ξ −G∂t)− J˜(∇˜(θX−Fξ+η(X)∂t)(θY −Gξ + η(Y )∂t))
= (∇θXθ)(θY )− F (∇ξθ)(θY )− 〈Y,∇θXξ〉ξ − η(Y )∇θXξ + F 〈Y,∇ξξ〉ξ + Fη(Y )∇ξξ
+Gθ(∇θXξ)− FGθ(∇ξξ)− η (∇θXθY −Gθ(∇θXξ)− F∇ξ(θY ) + FG∇ξξ) ,
while, on the other hand
(∇˜(X+F∂t)J˜)(Y +G∂t) = (∇Xθ)(Y )−G∇Xξ.
Equating these two computations by (3) and using different values for F and G,
yields, for the M -component,
(∇Xθ)(Y ) = (∇θXθ)(θY )− 〈Y,∇θXξ〉ξ − η(Y )∇θXξ(4)
0 = −(∇ξθ)(θY ) + 〈Y,∇ξξ〉ξ + η(Y )∇ξξ(5)
−∇Xξ = θ(∇θXξ)(6)
θ(∇ξξ) = 0,(7)
and for the R-component
η (∇θX(θY )−Gθ(∇θXξ)− F∇ξ(θY ) + FG∇ξξ) = 0.(8)
Choosing the right type of vectors, it is easily proved that Equation (4) implies (5),
(6) and (7), and also Equation (8), so the normality of an almost contact structure
is merely equivalent to (4). 
A direct consequence of Proposition 2.1 is that, on the complement to the ξ-
direction, the field of endomorphisms θ behaves like an integrable complex structure.
Corollary 2.1. Let (M2n+1, g) be a Riemannian manifold equipped with a nor-
mal almost contact metric structure (θ, ξ, η). Denote by F the contact sub-bundle,
i.e. the distribution orthogonal to ξ, by J the restriction of θ to F and by ∇¯ the
connection induced on F by ∇. Then
(∇¯JXJ)(JY ) = (∇¯XJ)(Y ),
for any X and Y in F .
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3. Curvature equations of harmonicity
In the more favourable cases, the two equations characterizing the harmonicity
of an almost contact structure can be expressed in terms of the curvature ten-
sor of (M, g). This is what we establish for normal almost contact structures in
this section, starting with a series of technical preliminary lemmas on a Riemann-
ian manifold (M2n+1, g) equipped with a normal almost contact metric structure
(θ, ξ, η).
Lemma 3.1. Let E be a horizontal vector field, that is a section of the horizontal
sub-bundle F , such that, at some point x ∈M2n+1, (∇¯E)(x) = 0. Then, at x,
[E, JE] = (∇¯EJ)(E) + 2〈E,∇θEξ〉ξ.
Proof. If E is a horizontal vector field then so is JE and, evaluating at x,
[E, JE] = ∇¯E(JE) + 〈∇E(JE), ξ〉ξ − ∇¯JEE − 〈∇JEE, ξ〉ξ
= (∇¯EJ)(E) + 〈E,∇θEξ〉ξ + 〈E,∇θEξ〉ξ.

To compute the first harmonic section equation, we need to express the commu-
tator of J and its Laplacian.
Lemma 3.2. Let E be a section of F , such that, at some point x ∈ M2n+1,
(∇¯E)(x) = 0. Then
[∇¯E∇¯EJ, J ] = −2[R¯(E, JE), J ]− 2∇¯(∇¯EJ)(E)J − [∇¯JE∇¯JEJ, J ],
where R¯ is the curvature tensor of the contact sub-bundle F equipped with the
connection ∇¯.
Proof. Let E be a section of F and X a horizontal vector extended locally such
that ∇¯X = 0 at the point x ∈M where we evaluate all expressions. By the Leibniz
rule, we have
(∇¯E∇¯EJ)(JX) = ∇¯E
(
(∇¯EJ)(JX)
)
− (∇¯EJ)((∇¯EJ)(X)).
Using Corollary 2.1 and Lemma 3.1, the first term on the right-hand side may be
expressed in terms of the curvature tensor R¯ as follows
∇¯E
(
(∇¯EJ)(JX)
)
= −∇¯E
(
(∇¯JEJ)(X)
)
= −∇¯E∇¯JE(JX) + ∇¯E(J∇¯JEX)
= −∇¯E∇¯JE(JX) + J(∇¯E∇¯JEX)
= −∇¯JE∇¯E(JX)− ∇¯[E,JE](JX)− R¯(E, JE)(JX) + J∇¯JE∇¯EX
+ J∇¯[E,JE]X + JR¯(E, JE)X
= −∇¯JE∇¯E(JX) + J∇¯JE∇¯EX − ∇¯[E,JE](JX) + J∇¯[E,JE]X − [R¯(E, JE), J ](X)
= −[R¯(E, JE), J ](X)− ∇¯JE∇¯E(JX) + J∇¯JE∇¯EX − ∇¯(∇¯EJ)(E)(JX)
− 2〈E,∇JEξ〉∇¯ξ(JX) + J(∇¯(∇¯EJ)(E)X) + 2〈E,∇JEξ〉J(∇¯ξX)
= −[R¯(E, JE), J ](X)− ∇¯JE∇¯E(JX) + J∇¯JE∇¯EX −
(
∇¯(∇¯EJ)(E)J
)
(X)
− 2〈E,∇JEξ〉(∇¯ξJ)(X)
= −[R¯(E, JE), J ](X)− ∇¯JE∇¯E(JX) + J∇¯JE∇¯EX −
(
∇¯(∇¯EJ)(E)J
)
(X),
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since ∇¯ξJ = 0. Now
−∇¯JE∇¯E(JX) + J(∇¯JE∇¯EX)
= −∇¯JE((∇¯EJ)(X))− ∇¯JE(J(∇¯EX)) + J(∇¯JE∇¯EX)
= −∇¯JE((∇¯EJ)(X))
= −∇¯JE((∇¯JEJ)(JX))
= −(∇¯JE∇¯JEJ)(JX)− (∇¯JEJ)(∇¯JE(JX))
= −(∇¯JE∇¯JEJ)(JX)− (∇¯JEJ)((∇¯JEJ)(X)),
because of the way we choose to extend the vector X . Therefore
∇¯E
(
(∇¯EJ)(JX)
)
= −[R¯(E, JE), J ](X)−
(
∇¯(∇¯EJ)(E)J
)
(X)(9)
− (∇¯JE∇¯JEJ)(JX)− (∇¯JEJ) ◦ (∇¯JEJ)(X).
By definition of the covariant derivative of ∇¯EJ
∇¯E((∇¯EJ)(JX)) = (∇¯E∇¯EJ)(JX) + (∇¯EJ)((∇¯EJ)(X)),
hence, using Equation (10), we have
(∇¯E∇¯EJ)(JX)(10)
= −(∇¯EJ)((∇¯EJ)(X)) + ∇¯E((∇¯EJ)(JX))
= −(∇¯EJ) ◦ (∇¯EJ)(X)− [R¯(E, JE), J ](X)− (∇¯(∇¯EJ)(E)J)(X)
− (∇¯JE∇¯JEJ)(JX)− (∇¯JEJ) ◦ (∇¯JEJ)(X)
= −2(∇¯EJ) ◦ (∇¯EJ)(X)− [R¯(E, JE), J ](X)− (∇¯(∇¯EJ)(E)J)(X)(11)
− (∇¯JE∇¯JEJ)(JX),
since, by Corollary 2.1,
(∇¯JEJ) ◦ (∇¯JEJ)(X) = (∇¯EJ) ◦ (∇¯EJ)(X).
To compute the second term of [∇¯E∇¯EJ, J ](X) we proceed as follows:
(∇¯E∇¯EJ)(J
2X) = −2J ◦ (∇¯EJ) ◦ (∇¯EJ)(X)− [R¯(E, JE), J ](JX)
+ J(∇¯(∇¯EJ)(E)J)(X) + (∇¯JE∇¯JEJ)(X),
then
−J(∇¯E∇¯EJ)(X) = 2(∇¯EJ) ◦ (∇¯EJ)(X)− [R¯(E, JE), J ](X)
− (∇¯(∇¯EJ)(E)J)(X) + J(∇¯JE∇¯JEJ)(X).
Summing up this last equation with (11), we obtain the result. 
Lemma 3.3. Let {Fi}i=1...,2n be an orthonormal frame on the horizontal sub-
bundle F , such that, at the point x ∈M2n+1 where we evaluate all our expressions,
(∇¯Fi)(x) = 0. Define the Lee vector field by δ¯J =
∑2n
i=1(∇¯FiJ)(Fi). Then
2n∑
i=1
∇¯∇¯JFi (JFi)J = ∇¯Jδ¯JJ.
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Proof. Combining the Leibniz rule, Corollary 2.1 and ∇¯J ◦ J = −J ◦ ∇¯J , yields
2n∑
i=1
∇¯JFi(JFi) =
2n∑
i=1
(∇¯JFiJ)(Fi) = −
2n∑
i=1
(∇¯FiJ)(JFi) = Jδ¯J.

We can now give the first harmonicity condition for a normal structure.
Theorem 3.1. Let (M2n+1, g) be a Riemannian manifold equipped with a normal
almost contact metric structure (θ, ξ, η). The first harmonic section equation (1)
for this structure can be written
[R¯(Fi, JFi), J ] = −2∇¯δ¯JJ,
where {Fi}i=1...,2n is an orthonormal frame on the horizontal sub-bundle F .
Proof. Assume, without loss of generality, that the orthonormal frame {Fi}i=1...,2n
satisfies ∇¯Fi(x) = 0, for all i, at the point we evaluate at. First observe that
−∇¯∗∇¯J = ∇¯Fi∇¯FiJ − ∇¯∇FiFiJ + ∇¯ξ∇¯ξJ − ∇¯∇ξξJ = ∇¯Fi∇¯FiJ
since ∇Fi is in the ξ-direction, ∇¯ξJ = 0 and ∇ξξ = 0. Working now with the
orthonormal frame {JFi}i=1...,2n
−∇¯∗∇¯J = ∇¯JFi∇¯JFiJ − ∇¯∇JFi (JFi)J − ∇¯
2
ξ,ξJ
= ∇¯JFi∇¯JFiJ − ∇¯∇¯JFi (JFi)J − 〈∇JFi(JFi), ξ〉∇¯ξJ
= ∇¯JFi∇¯JFiJ − ∇¯(∇¯JFiJ)(Fi)J
= ∇¯JFi∇¯JFiJ − ∇¯Jδ¯JJ,
by the previous lemma. Then
−[∇¯∗∇¯J, J ](X) = [∇¯JFi∇¯JFiJ, J ](X)− [∇¯Jδ¯JJ, J ](X).
Taking traces in Lemma 3.2, we get
−[∇¯∗∇¯J, J ](X) = −2[R¯(Fi, JFi), J ](X)− 2(∇¯δ¯JJ)(X) + [∇¯
∗∇¯J, J ](X)
− [∇¯Jδ¯JJ, J ](X).
Notice that
[∇¯Jδ¯JJ, J ](X) = (∇¯Jδ¯JJ)(JX)− J(∇¯Jδ¯JJ)(X) = 2(∇¯δ¯JJ)(X),
by Corollary 2.1. Therefore
[∇¯∗∇¯J, J ](X) = [R¯(Fi, JFi), J ](X) + 2(∇¯δ¯JJ)(X),
and the theorem follows. 
Theorem 3.2. Let (M2n+1, g) be a Riemannian manifold equipped with a nor-
mal almost contact metric structure (θ, ξ, η). Then the second harmonic section
equation (2) for the structure (θ, ξ, η) is
∇∗∇ξ − |∇ξ|2ξ = (1/2)[R(Fi, θFi), θ](ξ) + (∇δθθ)(ξ),
where {Fi}i=1...,2n is an orthonormal frame on the horizontal sub-bundle F and
δθ =
∑2n
i=1(∇Fiθ)(Fi) (mind that, by Proposition 2.1, (∇ξθ)(ξ) = 0).
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Proof. Equation (2) can be written
(∇∗∇ξ)F = − 12J ◦ (∇¯FiJ)(∇Fiξ) = −
1
2θ ◦ (∇Fiθ)(∇Fiξ).
Working with an orthonormal frame {Fi}i=1...,2n as in Theorem 3.1, then
(∇Fiθ)(∇Fiξ) = ∇Fi(θ(∇Fiξ))− θ(∇Fi∇Fiξ)
= ∇Fi∇θFiξ + θ(∇
∗∇ξ)
= R(Fi, θFi)ξ +∇θFi∇Fiξ +∇[Fi,θFi]ξ + θ(∇
∗∇ξ)
= R(Fi, θFi)ξ −∇θFi(θ∇θFiξ) +∇[Fi,θFi]ξ + θ(∇
∗∇ξ)
= R(Fi, θFi)ξ − (∇θFiθ)(∇θFiξ)− θ(∇θFi∇θFiξ) +∇[Fi,θFi]ξ
+ θ(∇∗∇ξ)
= R(Fi, θFi)ξ − (∇θFiθ)(∇θFiξ)− θ(∇∇θFi (θFi)ξ) +∇[Fi,θFi]ξ
+ 2θ(∇∗∇ξ).
Notice that
θ(∇∇θFi (θFi)ξ) = ∇θ(∇θFiθ)(Fi)ξ = ∇J(∇¯JFiJ)(Fi)ξ = −∇δθξ,(12)
by Lemma 3.3, the general property J ◦ ∇¯J = −∇¯J ◦ J and the geodesic integral
curves of ξ. Similarly
∇[Fi,θFi]ξ = ∇δ¯J+2〈Fi,∇θFiξ〉ξ
ξ = ∇δ¯Jξ = ∇δθξ.
Therefore
(∇Fiθ)(∇Fiξ) =
1
2R(Fi, θFi)ξ + θ(∇
∗∇ξ) +∇δθξ
and
1
2θ ◦ (∇Fiθ)(∇Fiξ) =
1
4θR(Fi, θFi)ξ −
1
2 (∇
∗∇ξ)F + 12θ∇δθξ.
Then the second harmonic equation (2) is
(∇∗∇ξ)F = − 12θR(Fi, θFi)ξ − θ∇δθξ,
and, since −θ(∇δθξ) = (∇δθθ)(ξ) and −θR(Fi, θFi)ξ = [R(Fi, θFi), θ](ξ), the theo-
rem follows. 
When the vector field ξ happens to be harmonic (cf. [6]), as a section of the unit
tangent bundle i.e. ∇∗∇ξ = |∇ξ|2ξ, the two harmonic section equations merge into
a single one.
Corollary 3.1. Let (M2n+1, g) be a Riemannian manifold equipped with a normal
almost contact metric structure (θ, ξ, η). If the vector field ξ is harmonic, as unit
section, then the almost contact structure (θ, ξ, η) is a harmonic section if and only
if
[R(Fi, θFi), θ] = −2∇δθθ.
Proof. If ξ is harmonic then the second harmonic equation simplifies to
0 = [R(Fi, θFi), θ](ξ) + 2(∇δθθ)(ξ).
The link between the F -component of the curvature tensor of (M2n+1, g) and the
curvature of the connection ∇¯ was established in [7]:
R¯(X,Y ) = RF(X,Y ) + r(∇Xξ,∇Y ξ),
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where r denotes the curvature tensor of the unit sphere, i.e. r(X,Y )Z = 〈Y, Z〉X−
〈X,Z〉Y . If one proves that
(13) [r(∇Fiξ,∇JFiξ), J ] = 0,
then the first harmonic section equation could be rewritten as
(14) [R(Fi, θFi), θ]− 〈[R(Fi, θFi), θ], ξ〉ξ = −2∇δθθ + 2〈∇δθθ, ξ〉ξ,
which, applied to X ∈ F , gives the first harmonic section equation
[RF(Fi, θFi), θ](X) = −2(∇¯δJJ)(X),
which is the F -part of
[R(Fi, θFi), θ] = −2∇δθθ.
When evaluated on ξ, Equation (14) becomes
[R(Fi, θFi), θ](ξ)− 〈[R(Fi, θFi), θ](ξ), ξ〉ξ = −2(∇δθθ)(ξ) + 2〈(∇δθθ)(ξ), ξ〉ξ
which is the second harmonic section equation
[R(Fi, θFi), θ](ξ) = −2(∇δθθ)(ξ),
i.e. the ξ-component of
[R(Fi, θFi), θ] = −2∇δθθ.
To show that (13) is indeed valid, we will only need Lemma 3.3 and the definition
of the tensor r. Let V be a horizontal vector field, then
r(∇Fiξ,∇JFiξ)(JV ) = 〈∇JFiξ, JV 〉∇Fiξ − 〈∇Fiξ, JV 〉∇JFiξ
= −〈∇Fiξ, V 〉J∇JFiξ + 〈∇JFiξ, V 〉J∇Fiξ
= J
(
r((∇Fiξ),∇JFiξ)V
)
,
hence the conclusion. 
4. Application to submersions
In the same spirit as Boothby and Wang, Morimoto [4] showed that for a com-
pact Riemannian manifold (M2n+1, g) equipped with an almost contact structure
(θ, ξ, η), compatible with g, and ξ regular, i.e. when each point admits a neigh-
bourhood through which integral curves of ξ pass at most once, and a holomorphic
submersion pi :M2n+1 → B2n onto an almost Hermitian manifold (B2n, Jˆ , gˆ), then
(M2n+1, g, θ, ξ, η) being normal is equivalent to Jˆ integrable.
The curvature expressions of the previous section enable us to link the harmonic-
ity of the structures on the total space and the base of the Morimoto fibration. This
completes a result of [9].
Theorem 4.1. Let pi : (M2n+1, θ, ξ, η, g) −→ (B2n, Jˆ , gˆ) be a holomorphic Rie-
mannian submersion, i.e. with dpi(θX) = Jˆdpi(X), from a normal almost contact
manifold, with M2n+1 compact and ξ regular, onto a Hermitian manifold. Then
the almost contact structure is a harmonic section if and only if Jˆ is harmonic, ξ is
a (unit) harmonic vector field and ∇δθξ = 0. Moreover (θ, ξ, η) defines a harmonic
map if and only if Jˆ is a harmonic map and the length of ∇ξ is constant along the
integral curves (geodesics) of ξ.
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Proof. Recall from Theorem 3.1, the first harmonic section equation (1):
[R¯(Fi, JFi), J ] = −2∇¯δ¯JJ.
Since dpi(∇¯δ¯JJ) = ∇ˆδJˆ Jˆ , we concentrate on the left-hand side of the equation.
Let {Fi}i=1,...,2n be a local orthonormal frame of the distribution F which projects
to an orthonormal frame {(Fi)∗}i=1,...,2n on B
2n, by the curvature equations of a
submersion [5], we have
g(R(Fi, θFi)Z,H) = gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)Z∗, H∗)−
1
2η([Fi, θFi])η([Z,H ])
+ 14η([θFi, Z])η([Fi, H ]) +
1
4η([Z, Fi])η([θFi, H ])
= gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)Z∗, H∗)− g(Fi,∇θFiξ)η([Z,H ])
− 14η([Fi, θZ])η([Fi, H ])−
1
4η([Z, Fi])η([Fi, θH ]).
Notice that, for all X,Y ∈ F , g([X,Y ], ξ) = −2g(Y,∇Xξ), since ξ is Killing, then
the previous curvature expression becomes
g(R(Fi, θFi)Z,H) = gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)Z∗, H∗) + 2g(Fi,∇θFiξ)g(∇Zξ,H)
− g(∇Fiξ, θZ)g(∇Fiξ,H)− g(∇Zξ, Fi)g(∇Fiξ, θH).
By the expression of R¯ given in the proof of Corollary 3.1 and Equation (13),
[R¯(Fi, JFi), J ] = [R
F(Fi, JFi), J ],
and for Z and H in F , we have
g([RF(Fi, JFi), J ](Z), H) = g(R
F(Fi, JFi)(JZ), H) + g(R
F (Fi, JFi)Z, JH)
= gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)JˆZ∗, H∗) + 2g(Fi,∇θFiξ)g(∇θZξ,H)
+ g(∇Fiξ, Z)g(∇Fiξ,H)− g(∇θZξ, Fi)g(∇Fiξ, θH)
+ gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)Z∗, JˆH∗) + 2g(Fi,∇θFiξ)g(∇Zξ, θH)
− g(∇Fiξ, θZ)g(∇Fiξ, θH) + g(∇Zξ, Fi)g(∇Fiξ,H)
= gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)JˆZ∗, H∗) + gˆ(Rˆ((Fi)∗, Jˆ(Fi)∗)Z∗, JˆH∗)
= gˆ([Rˆ((Fi)∗, Jˆ(Fi)∗), Jˆ ]Z∗, H∗),
which gives the first condition.
The second harmonic section equation (2) is
2(∇∗∇ξ)F = [R(Fi, θFi), θ](ξ) + 2(∇δθθ)(ξ),
but
[R(Fi, θFi), θ](ξ) = −θR(Fi, θFi)ξ,
and, if Z ∈ F ,
〈θR(Fi, θFi)ξ, Z〉 = 〈R(Fi, θFi)θZ, ξ〉.
Then by [5]
〈R(Fi, θFi)θZ, ξ〉 = 〈(∇θZA)Fi(θFi), ξ〉+ 〈AFi(θFi), Tξ(θZ)〉 − 〈AθFi(θZ), TξFi〉
− 〈AθZFi, Tξ(θFi)〉
and, if X ∈ F , TξX = 0, since ∇ξξ = 0, so
〈R(Fi, θFi)θZ, ξ〉 = 〈∇θZ
(
AFi(θFi)
)
−A∇θZFi(θFi)−AFi(∇θZ(θFi)), ξ〉
= (θZ)
(
〈∇Fi(θFi), ξ〉
)
− 〈∇∇¯θZFi(θFi), ξ〉+ 〈∇θZ(θFi),∇Fiξ〉.
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Now
〈∇Fi(θFi), ξ〉 = 〈(∇θFiθ)(θFi), ξ〉
= 〈(∇Fiθ)(Fi), ξ〉+ 〈Fi,∇θFiξ〉
= 〈(∇Fiθ)(Fi), ξ〉+ 〈∇Fi (θFi), ξ〉
= 2〈(∇Fiθ)(Fi), ξ〉,
hence 〈(∇Fiθ)(Fi), ξ〉 = 0. Moreover, by the choice of extension, ∇¯θZFi = 0 at the
point we evaluate at, and
〈∇θZ(θFi),∇Fiξ〉 = −〈(∇θZθ)(θ
2Fi),∇Fiξ〉
= −〈(∇Zθ)(θFi),∇Fiξ〉
= −〈(∇Zθ)(θ
2Fi),∇θFiξ〉
= 〈∇Z(θFi)− θ(∇ZFi),∇θFiξ〉
= −〈θ∇Z(θFi),∇Fiξ〉,
but on the other hand
〈∇θZ(θFi),∇Fiξ〉 = −〈(∇Zθ)(θFi),∇Fiξ〉 = 〈θ∇Z(θFi),∇Fiξ〉.
So 〈∇θZ(θFi),∇Fiξ〉 = 0 and Equation (2) reduces to
(∇∗∇ξ)F + θ(∇δθξ) = 0.
If Z ∈ F then, with Equation (12),
〈θ
(
∇∗∇ξ
)
, Z〉 − 〈∇δθξ, Z〉 = 〈∇θFi∇θFiξ −∇∇θFi (θFi)ξ, θZ〉 − 〈∇δθξ, Z〉
= 〈∇θFi∇θFiξ, θZ〉 − 2〈∇δθξ, Z〉.
On the other hand, using O’Neill’s formulas and, again, Equation (12)
〈−∇∗∇ξ, θZ〉 − 〈∇δθξ, Z〉
= 〈−Ricci ξ, θZ〉 − 〈∇δθξ, Z〉
= 〈−R(ξ, θFi)θFi, θZ〉 − 〈∇δθξ, Z〉
= 〈
(
∇θFiA
)
θFi
(θZ), ξ〉+ 〈AθFi(θZ), Tξ(θFi)〉 − 〈AθZ(θFi), Tξ(θFi)〉
− 〈AθFi(θFi), Tξ(θZ)〉 − 〈∇δθξ, Z〉
= 〈∇θFi
(
AθFi(θZ)
)
−A∇θFi θFi(θZ)−AθFi
(
∇θFi(θZ)
)
, ξ〉 − 〈∇δθξ, Z〉
= (θFi)(〈∇θFi(θZ), ξ〉)− 〈∇∇¯θFi θFi
(θZ), ξ〉 − 〈∇θFi
(
∇¯θFi(θZ)
)
, ξ〉 − 〈∇δθξ, Z〉
= 〈∇θFi∇θFi(θZ), ξ〉+ 〈∇θFi(θZ),∇θFiξ〉+ 〈θZ,∇∇θFi (θFi)ξ〉+ 〈∇θFi(θZ),∇θFiξ〉
− 〈∇δθξ, Z〉
= 〈∇θFi∇θFi(θZ), ξ〉+ 2〈∇θFi(θZ),∇θFiξ〉
= −〈∇θFi∇θFiξ, θZ〉.
Comparing these two expressions, we deduce that the second harmonic section
equation is satisfied if and only if ξ is a (unit) harmonic vector field and ∇δθξ = 0.
Now, to show that a harmonic almost contact structure is in fact a harmonic map,
we need to check that
(15) 〈(∇¯EiJ)(Fj), [R
F(Ei, X), θ]Fj〉+ 8〈∇Eiξ, R(Ei, X)ξ〉 = 0,
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for anyX ∈ TM , where {Fi}i=1,...,2n is a local orthonormal frame of the distribution
F and {Ei}i=1,...,2n+1 = {Fi}i=1,...,2n∪{ξ} a local orthonormal frame of TM . First
observe that in general
〈(∇¯EiJ)(Fj), [R
F (Ei, X), θ]Fj〉
= 〈(∇¯EiJ)(Fj), R
F (Ei, X)(θFj)〉+ 〈θ((∇¯EiJ)(Fj)), R
F(Ei, X)(Fj)〉
= 〈(∇¯EiJ)(Fj), R
F (Ei, X)(θFj)〉+ 〈−θ
2((∇¯EiJ)(Fj)), R
F(Ei, X)(θFj)〉
= 2〈(∇¯EiJ)(Fj), R(Ei, X)(θFj)〉.
If we extend X into a basic vector field in F , still called X , and use O’Neill’s
formulas [5], we have
〈R(Ei, X)(θFj), (∇¯EiJ)(Fj)〉
= gˆ(Rˆ((Fi)∗, X∗)(Jˆ(Fj)∗), (∇ˆ(Fi)∗ Jˆ)(Fj)∗)(16)
− 2〈∇FiX, ξ〉〈∇θFj ((∇¯FiJ)(Fj)), ξ〉(17)
+ 〈∇X(θFj), ξ〉〈∇Fi((∇¯FiJ)(Fj)), ξ〉(18)
+ 〈∇θFjFi, ξ〉〈ξ,∇X((∇¯FiJ)(Fj))〉(19)
+ 〈R(ξ,X)(θFj), (∇¯ξJ)(Fj)〉.(20)
The term (20) must vanish since ξ has geodesic integral curves and ∇ξX must be
in F , so the relation ∇ξθ = 0 implies ∇ξJ = ∇¯ξJ = 0. If we replace the basis
{Fj}i=1,...,2n by {θFj}i=1,...,2n in the second term of (17), we have
〈∇θFj ((∇¯FiJ)(Fj)), ξ〉 = −〈(∇¯FiJ)(Fj),∇θFjξ〉
= −〈(∇¯FiJ)(θFj),∇θ2Fjξ〉
= 〈(∇¯FiJ)(Fj),∇θFjξ〉,
so (17) must also vanish. Finally, we combine (18) and (19) to obtain
〈∇X(θFj), ξ〉〈∇Fi ((∇¯FiJ)(Fj)), ξ〉+ 〈∇θFjFi, ξ〉〈ξ,∇X((∇¯FiJ)(Fj))〉
= 〈θFj ,∇Xξ〉〈(∇¯FiJ)(Fj),∇Fiξ〉+ 〈Fi,∇θFjξ〉〈∇Xξ, (∇¯FiJ)(Fj)〉
= 〈(∇¯FiJ)(−θ∇Xξ),∇Fiξ〉+ 〈∇Xξ, (∇¯FiJ)(∇θFiξ)〉
= 2〈∇Xξ,∇Fi(θ∇θFiξ)− θ(∇Fi∇θFiξ)〉
= 2〈∇Xξ,∇
∗∇ξ − θ(∇Fi∇θFiξ)〉
= 0,
since we assume that the second harmonic section equation is satisfied (cf. page 7).
Therefore, for X ∈ F , the first term of the harmonic map equation vanishes if and
only if
gˆ(Rˆ((Fi)∗, X∗)(Jˆ(Fj)∗), (∇ˆ(Fi)∗ Jˆ)(Fj)∗) = 0.
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Still for X ∈ F , the second term is
− 〈R(Fi, X)∇Fiξ, ξ)
= −
{
〈(∇∇Fi ξA)FiX, ξ〉+ 〈AFiX,Tξ(∇Fiξ)〉 − 〈AX(∇Fiξ), TξFi〉 − 〈A∇Fi ξFi, TξX〉
}
= −〈∇∇Fiξ(AFiX)−A∇∇Fi ξFi
X −AFi(∇∇FiξX), ξ〉
= −
{
− (∇Fiξ)(〈X,∇Fiξ〉) + 〈X,∇∇¯∇Fi ξFi
ξ〉+ 〈∇∇FiξX,∇Fiξ〉
}
= 〈X,∇2∇Fiξ,Fi
ξ〉
= 〈R(Fi, X)∇Fiξ, ξ〉,
which is the opposite of the first line, so this term must vanish as well.
If X = ξ, the first term in the harmonic map equation (15) is
〈(∇¯EiJ)(Fj), R(Ei, ξ)(θFj)〉
= 〈R(θFj , (∇¯FiJ)(Fj))Fi, ξ〉
= 〈(∇FiA)θFj ((∇¯FiJ)(Fj)), ξ〉+ 〈AθFj ((∇¯FiJ)(Fj)), TξFi〉
− 〈A(∇¯FiJ)(Fj)Fi, Tξ(θFj)〉 − 〈AFi(θFj), Tξ((∇¯FiJ)(Fj))〉
= Fi〈∇θFj ((∇¯FiJ)(Fj)), ξ〉 − 〈∇∇¯Fi θFj((∇¯FiJ)(Fj)), ξ〉 − ∇θFj (∇¯Fi((∇¯FiJ)(Fj)), ξ〉
= 〈∇Fi∇θFj ((∇¯FiJ)(Fj)), ξ〉 + 〈∇θFj ((∇¯FiJ)(Fj)),∇Fiξ〉
+ 〈∇Fi((∇¯FiJ)(Fj)),∇θFj ξ〉+ 〈(∇¯FiJ)(Fj),∇∇¯FiθFjξ〉
= −〈∇2Fi,θFjξ, (∇¯FiJ)(Fj)〉
= 〈R(θFj , (∇¯FiJ)(Fj))ξ, Fi〉,
hence 〈R(θFj , (∇¯FiJ)(Fj))Fi, ξ〉 = 0.
As to the second term of the harmonic map equation when X = ξ, we have
〈∇Eiξ, R(Ei, ξ)ξ〉 = −〈R(Fi, ξ)∇Fiξ, ξ〉
= −
{
〈(∇FiT )ξξ,∇Fiξ〉+ 〈(∇ξA)Fi(∇Fiξ), ξ〉 − 〈TξFi, Tξ(∇Fiξ)〉+ 〈AFiξ, A∇Fiξξ〉
}
,
but TξFi = 0, 〈AFiξ,∇∇Fiξξ〉 = 〈∇Fiξ,∇∇Fi ξξ〉 = 0, since ξ is Killing, and
〈(∇FiT )ξξ,∇Fiξ〉 = 〈∇Fi(Tξξ)− T∇Fiξξ − Tξ(∇Fiξ),∇Fiξ〉 = 0.
The only remaining term is
−〈(∇ξA)Fi(∇Fiξ), ξ〉 = −〈∇ξ(〈∇Fi∇Fiξ, ξ〉ξ)−∇∇¯ξFi∇Fiξ −∇Fi∇ξ∇Fiξ, ξ〉
but, as Fi is projectable, the Lie bracket [ξ, Fi] is vertical, so 〈∇∇¯ξFi∇Fiξ, ξ〉 = 0,
hence
−〈(∇ξA)Fi(∇Fiξ), ξ〉 = −
{
ξ(〈∇Fi∇Fiξ, ξ〉) + 〈∇ξ∇Fiξ,∇Fiξ〉
}
= −
{
− ξ(〈∇Fiξ,∇Fiξ〉) +
1
2ξ(〈∇Fiξ,∇Fiξ〉)
}
= ξ( |∇ξ|
2
2 ),
so the harmonic map equation, for X = ξ, is satisfies if and only if ξ( |∇ξ|
2
2 ) = 0. 
Example 4.1 (Twisted product). Let (M,J, g) be a compact Hermitian manifold
and (, ) the Euclidean metric on S1. Consider the manifold M¯ = M × S1 with
the Riemannian twisted product g¯ = f2g + F 2(, ), where f ∈ C∞(M) and F ∈
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C∞(M×S1) are non-zero functions, and equipped with the almost contact structure
(θ, ξ, η) where
ξ = 1
F
∂t, ηX = g¯(X, ξ), θX =
{
JX, if X ∈ TM ,
0, otherwise.
Let X,Y vector fields on M then, by the Koszul formula, one easily checks that
∇g¯ξξ = ∇
g¯
Xξ = ∇
g¯
ξX = 0.
By Proposition 2.1 the almost contact structure (θ, ξ, η) is normal since the only
non trivial case is when X,Y ∈ TM , and then
(∇g¯θXθ)(θY )− (∇
g¯
Xθ)(Y ) = (∇
f2g
JXJ)(JY )− (∇
f2g
X J)(Y ) = 0,
because (M,J, f2g) is always integrable. If f is constant, we can apply the results of
Theorem 4.1 and, since ξ is parallel, the harmonicity of (θ, ξ, η) (either as a section
or a map) is equivalent to the harmonicity of J .
For a non-constant function f , the submersion is no longer Riemannian (though
ξ remains harmonic) and we have to go back to Corollary 3.1. Then the equation
[R(Fi, θFi), θ](X) = −2(∇δθθ)(X),
is clearly satisfied for X = ξ and, for X ∈ TM , is nothing but the harmonicity
condition for the complex structure J on (M, f2g):
[R(Fi, JFi), J ](X) = (∇δJJ)(X),
all quantities being, of course, with respect to the metric f2g. Now, one can easily
show that
(21) [Rf
2g(Fi, JFi), J ](X) = [R
g(fFi, fJFi), J ](X),
where {Fi}i=1,...,2n is an f
2g-orthonormal frame while
δf2gJ = (1/f
2)δgJ + 2(n− 1)/f
3J(gradg f),
so that
(∇f
2g
δ
f2g
JJ)(X) = (1/f
2)(∇gδgJJ)(X) + 2(n− 1)/(f
3)(∇gJ gradg fJ)(X) + (1/f
3)(JX)(f)δgJ
(22)
− (1/f3)X(f)JδgJ − (1/f
3)g(δgJ, JX) gradg f + (1/f
3)g(δgJ,X)J gradg f,
and equating (21) and (22) gives the harmonic section equation in terms of the
original metric g.
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